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Abstract
We study box dimension, Minkowski content and Minkowski measurability of nonrectifiable,
smooth spiral trajectories of some dynamical systems in the plane. From this point of view we
consider a standard model of Hopf–Takens bifurcation and study the behaviour of trajectories near
singular points and limit cycles.
 2005 Elsevier SAS. All rights reserved.
Résumé
Nous etudions la « box-dimension », le contenu de Minkowski et la mesurabilité de Minkowski
de la trajectoire nonrecitifiable, spirale de certains systèmes dynamiques dans le plan. De ce point
de vue nous considerons une modèle standard de la bifurcation de Hopf–Takens et nous étudions le
comportement des trajectoires près des points singulièrs et près des cycles limites.
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The article deals with properties of trajectories of some dynamical systems in two-
dimensional plane from the point of view of fractal analysis. We study their box dimension,
the corresponding Minkowski content, and the problem of Minkowski measurability.
We found motivation for this work in tremendous development of methods of fractal
analysis, and their applications to various problems related to differential equations. Let us
mention only three such groups of problems. The Weyl–Berry conjecture concerning the
asymptotics of eigenfrequencies of fractal drums and fractal strings is studied in Lapidus
and Pomerance [7], He and Lapidus [5], see also the references therein. Rapidly oscillating
weak solutions of the one-dimensional p-Laplace equation are studied in Pašic´ [10], Pašic´
and Županovic´ [11]. Singular integrals and singular sets of Lebesgue and Sobolev functions
are studied in Žubrinic´ [14–16], and in Horvat and Žubrinic´ [6]. In all these papers the
notions of box dimension and the related Minkowski content are crucial. Here we show that
the same notions are of interest for understanding some qualitative properties of solutions
of dynamical systems in the plane.
Indeed, box dimension d of a spiral trajectory can be viewed as information about its
‘dimensional concentration’ near the corresponding limit set. The Minkowski content pro-
vides us subtler information then box dimension of the spiral. This value can be viewed
intuitively as a measure of d-dimensional ‘Minkowski content concentration’ of the spiral
near its limit set. For d > 1 these quantities are meaningful due to excision property of
Minkowski content of spirals, see Lemma 1. Furthermore, we find a class of vector fields
such that box dimension of a spiral trajectory depends in nontrivial way on the multiplicity
of the corresponding limit cycle, see Theorems 9 and 10.
Throughout the paper we deal with spirals for which their upper and lower box dimen-
sions coincide. An example of a spiral for which these two dimensions are different can be
seen in Tricot [13, p. 122].
Basic definitions are given in Section 1, where among others we define radial
Minkowski contents and radial box dimensions, inspired by Tricot [13].
In Section 2 we study fractal properties of general spiral curves in the plane defined
in polar coordinates. To this end we introduce the notions of nucleus and tail Minkowski
contents, see (9).
Next, we classify spirals in several different ways:
(a) spirals of focus type and of limit cycle type;
(b) spirals of power, exponential, and logarithmic types;
(c) spirals with nondegenerate and degenerate Minkowski contents.
We thus obtain different types of spirals according to their specific properties. All of
them may appear in various dynamical systems in the plane. For example, we can have
power spirals of limit cycle type with nondegenerate Minkowski contents. In Theorems
1 and 2 we formulate general results about radial box dimensions and the corresponding
radial Minkowski contents of power spirals of focus type and limit cycle type respectively.
Section 3 is devoted to the problem of Minkowski measurability of spirals. Let us men-
tion that Minkowski measurable sets are characterized only on the real line, see Lapidus
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this is an open problem. Theorem 5 deals with spirals of power type having equal box di-
mension and radial box dimension, while in Theorem 6 a class of Minkowski measurable
spirals is described. Important role is played by excision property of Minkowski contents
of simple smooth curves, proved in Lemma 1, which in this case extends the corresponding
result in [16, Lemma 5.6]. In Corollaries 2 and 3 we show that standard power spirals are
Minkowski measurable and we find precise values of their Minkowski contents. We also
obtain comparison results for power and exponential types of spirals in Corollary 1 and
Theorem 8 respectively.
In Section 4 we study box dimension and Minkowski content of trajectories of some
dynamical systems in the plane near the focus, or near the limit cycle. We consider the
standard generic Hopf–Takens bifurcation problem, see Takens [12]. For general theory
of bifurcations of vector fields see Guckenheimer and Holmes [4]. The main results in
Section 4 are stated in Theorems 9 and 10, where it is shown that a trajectory near its weak
focus is a spiral of power type, while a trajectory near its strong focus is of exponential
type. A trajectory near its limit cycle of multiplicity one is a spiral of exponential type,
and a trajectory near its limit cycle of multiplicity larger than one is a spiral of power type.
We compute the corresponding box dimensions and the related Minkowski contents, and
also find explicit gauge functions when Minkowski contents are degenerate. In Section 5
we present some concrete examples of Hopf–Takens bifurcation. An example of dynamical
system is given where a single trajectory may have different box dimensions near its α-limit
set and near its ω-limit set. This motivates us to introduce the notions of α-box dimension
and ω-box dimension of the trajectory.
In Section 6 we obtain some new singular integrals generated by spirals, and character-
ize the Lebesgue integrability of the corresponding singular functions. Section 7 is devoted
to the study of local box dimension and density of Minkowski content for standard power
spirals. In Section 8 a class of logarithmic spirals is described (both of focus and limit
cycle type) such that each has maximal possible box dimension, that is, equal to 2, see
Theorem 11. This shows that such spirals have extremely large concentration at the origin.
We extend a result mentioned in Mendès-France, Dupain and Tricot [9, p. 195], see also
Tricot [13, p. 121], regarding the box dimension of standard logarithmic spiral.
The paper is organized as follows:
1. Introduction.
2. Box dimension and Minkowski content of spirals of power type.
3. Minkowski measurable spirals.
4. Hopf–Takens bifurcation.
5. Examples of Hopf–Takens bifurcation.
6. Applications to singular integrals.
7. Local box dimension and density of Minkowski content of power spirals.
8. Logarithmic spirals.
Now we introduce some basic definitions. Let A be a bounded set in RN , and let d(x,A)
be Euclidean distance from x to A. Then the Minkowski sausage of radius ε around A
is defined as ε-neighbourhood of A, that is, as the set Aε := {y ∈ RN : d(y,A) < ε}.
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ing radial distance function drad(x,A), which we define as Euclidean distance from x to
the set A∩ {tx: t  0}, provided the intersection is nonempty, and ∞ otherwise.
By lower s-dimensional Minkowski content of A, s  0, we mean the following quan-
tity: Ms∗(A) := lim infε→0 |Aε |εN−s , where | · | denotes N -dimensional Lebesgue measure.
Analogously for the upper s-dimensional Minkowski content of A. If both these quantities
coincide, the common value is called s-dimensional Minkowski content of A, and is de-
noted byMs(A). If for some s  0 we have thatMs(A) ∈ (0,∞), then we say that the set
A is Minkowski measurable.
If we change the Minkowski sausage Aε in above definitions with radial Minkowski
sausage Aε,rad, then we speak about radial s-dimensional Minkowski contents:
Ms∗(A, rad) := lim inf
ε→0
|Aε,rad|
εN−s
, M∗s(A, rad) := lim inf
ε→0
|Aε,rad|
εN−s
. (1)
If for some s  0 we have thatMs(A, rad) ∈ (0,∞), then we say that the set A is radially
Minkowski measurable.
It is easy to see that there exists the value s = d  0 at which the mapping s →Ms∗(A)
has a jump from infinity down to zero. This value is by definition the lower box dimension
of A, denoted by dimBA. The upper box dimension dimBA is defined analogously. If both
quantities coincide, the common value is denoted by dimBA, and is called the box dimen-
sion of A. There are some other names for this quantity: Minkowski dimension, Bouligand
dimension, Kolmogorov dimension, entropy dimension, and other, see e.g. Falconer [1].
In the analogous way one can define radial lower and radial upper box dimensions
of A, denoted by dimB(A, rad) and dimB(A, rad) respectively, see Tricot [13, pp. 248–
249] for general definition of directional box dimensions in R2. If both quantities coincide,
the common value is denoted by dimB(A, rad), and we call it radial box dimension of A.
Since Aε,rad ⊆ Aε , it is clear that
dimB(A, rad) dimBA, dimB(A, rad) dimBA. (2)
In the case when lower or upper d-dimensional Minkowski contents of A are degener-
ate, that is, equal to 0 or ∞, where d = dimBA, it is convenient to deal with generalized
Minkowski contents, see, e.g., He and Lapidus [5]. The aim is to find explicit posi-
tive gauge functions hi : (0, ε0) → R, i = 1,2, such that the corresponding generalized
Minkowski contents
M∗(h1,A) := lim inf
ε→0
|Aε|
εN
· h1(ε), M∗(h2,A) := lim inf
ε→0
|Aε|
εN
· h2(ε), (3)
are nondegenerate. Similarly for radial generalized Minkowski contents
M∗(h1,A, rad) := lim inf
ε→0
|Aε,rad|
εN
· h1(ε),andM∗(h2,A, rad).
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We define a spiral of focus type (that is, tending to the origin) in the plane as the graph Γ
of a function r = f (ϕ), ϕ  ϕ1, in polar coordinates, where

f : [ϕ1,∞) → (0,∞) is such that f (ϕ) → 0 as ϕ → ∞,
f is radially decreasing (i.e., for any fixed ϕ  ϕ1
the function N  k → f (ϕ + 2kπ) is decreasing).
(4)
Note that in this section we allow f to be discontinuous, see Remark 4.
Let Γ be a spiral defined by r = f (ϕ), or r = 1 − f (ϕ), ϕ  ϕ1. We denote its subset
corresponding to angles in prescribed interval (ϕ0, ϕ2) Γ (ϕ0, ϕ2), that is,
Γ (ϕ0, ϕ2) :=
{
(r, ϕ) ∈ Γ : ϕ ∈ (ϕ0, ϕ2)
}
. (5)
For fixed ε > 0 we define (radial) ε-nucleus of the spiral Γ as the radial Minkowski sausage
of radius ε around Γ (ϕ2(ε),∞) ⊂ Γ , that is,
N(Γ, ε) := Γ (ϕ2(ε),∞)ε,rad, (6)
where by ϕ2(ε) we denote the smallest angle such that for all ψ  ϕ2(ε) we have f (ψ)−
f (ψ + 2π) 2ε, that is,
ϕ2(ε) := inf
{
ϕ  ϕ1: ∀ψ  ϕ,f (ψ)− f (ψ + 2π) 2ε
}
. (7)
The set T (Γ, ε) obtained as radial Minkowski sausage of radius ε around the
arcΓ (ϕ1, ϕ2(ε)), that is,
T (Γ, ε) := Γ (ϕ1, ϕ2(ε))ε,rad, (8)
is called (radial) ε-tail of the spiral Γ . The notions of nucleus and tail of a spiral are
introduced by Tricot [13, pp. 121, 122].
It is natural to consider lower nucleus and lower tail s-dimensional Minkowski contents
of Γ defined by
Ms∗(Γ,n) := lim inf
ε→0
|N(Γ, ε)|
ε2−s
, Ms∗(Γ, t) := lim inf
ε→0
|T (Γ, ε)|
ε2−s
(9)
respectively, s  0, and analogously the upper nucleus and upper tail Minkowski contents.
It is clear that
M∗s(Γ, rad)M∗s(Γ,n)+M∗s(Γ, t). (10)
Indeed, we can express radial Minkowski sausage of radius ε around Γ as Γε,rad =
N(Γ, ε) ∪ T (Γ, ε) ∪ S(ε), where S(ε) := {(r, ϕ) ∈ Γε,rad: ϕ = ϕ2(ε)} is of 2-dimensional
Lebesgue measure zero. HenceMs∗(Γ, rad)  lim supε→0 |N(Γ,ε)|ε2−s + lim supε→0 |T (Γ,ε)|ε2−s .
Since ε-nucleus and ε-tail are disjoint sets for all ε positive and sufficiently small, then
Ms∗(Γ, rad)Ms∗(Γ,n)+Ms∗(Γ, t). (11)
We shall also deal with spirals of limit cycle type (that is, spirals tending to the limit cycle
r = 1), as the graph of r = 1 ± f (ϕ), ϕ  ϕ1, with f defined in (4), where we assume of
course that f (ϕ1) < 1 if r = 1 − f (ϕ).
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we can also define ε-nucleus by (6) (resembling a ring around the limit cycle) and ε-tail
by (8), as for spirals of focus type.
The above spirals can be considered as spirals with positive orientation. We can analo-
gously consider spirals of focus type r = f (ϕ) and of limit cycle type r = 1 ± f (ϕ) such
that ϕ  ϕ1, that is, with negative orientation. Such spirals will appear in Section 4.
From Tricot [13, p. 121] we know that for the spiral Γ defined by r = ϕ−α , with ϕ 
ϕ1 > 0 and fixed α ∈ (0,1), we have dimBΓ = 21+α . Here is an extension and refinement
of this result involving Minkowski contents. Note that in this section we do not assume f
to be continuous.
Theorem 1 (Power spirals of focus type). Let f : [ϕ1,∞) → (0,∞) be a measurable,
radially decreasing function, see (4), such that for some positive numbers m and m we
have
mϕ−α  f (ϕ)mϕ−α (12)
for all ϕ  ϕ1 > 0. Assume that there exist positive constants a and a such that for all
ϕ  ϕ1,
aϕ−α−1  f (ϕ)− f (ϕ + 2π) aϕ−α−1. (13)
Let Γ be the graph of r = f (ϕ) in polar coordinates. If α ∈ (0,1) then
d := dimB(Γ, rad) = 21 + α , (14)
M Md∗(Γ, rad)M∗d(A, rad)M, (15)
where M and M do not depend on initial angle ϕ1:
M := πm2
(
2
a
)2α/(1+α)
+ 2m
1 − α
(
a
2
) 1−α
1+α
, (16)
M := πm2
(
2
a
)2α/(1+α)
+ 2m
1 − α
(
a
2
) 1−α
1+α
. (17)
Proof. Let ε > 0 be fixed. We first obtain the upper bound of the area of ε-nucleus of Γ .
Note that inequality f (ϕ) − f (ϕ + 2π) > 2ε is satisfied when aϕ−α−1 > 2ε, that is, for
ϕ < ϕ2(ε), where ϕ2(ε) := (2ε/a)−1/(1+α). From the definition of ϕ2(ε), see (7), we have
ϕ2(ε) ϕ2(ε), (18)
therefore,∣∣N(Γ, ε)∣∣ π( sup
[ϕ2(ε),ϕ2(ε)+2π]
f + ε)2  (mϕ2(ε)−α + ε)2. (19)
We obtain that∣ ∣∣N(Γ, ε)∣ c1 · ε2α/(1+α), (20)
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sufficiently small.
Now we estimate the area of ε-tail of Γ from above. Inequality f (ϕ)−f (ϕ+2π) < 2ε
is satisfied when aϕ−α−1 < 2ε, that is, for ϕ > ϕ2(ε), where
ϕ2(ε) :=
(
2ε
a
)−1/(1+α)
. (21)
Therefore ϕ2(ε) ϕ2(ε), and from this we have that
∣∣T (Γ, ε)∣∣ 2
ϕ2(ε)∫
ϕ1
[(
f (ϕ)+ ε)2 − (f (ϕ)− ε)2]dϕ
= 2ε
ϕ2(ε)∫
ϕ1
f (ϕ)dϕ  2εm
ϕ2(ε)∫
ϕ1
ϕ−α dϕ
= 2εm
1 − α
(
ϕ2(ε)
1−α − ϕ1−α1
)
 c2 · ε2α/(1+α), (22)
where c2 := 2m1−α (2/a)−
1−α
1+α
.
Defining d := 2/(1 + α) we have that, see (10),
M∗d(Γ, rad)M∗d(Γ,n)+M∗d(Γ, t) c1 + c2. (23)
Now letting c1 → πm2(2/a)2α/(1+α) we get
M∗d(Γ, rad)M := πm2
(
2
a
)2α/(1+α)
+ 2m
1 − α
(
2
a
)− 1−α1+α
. (24)
To obtain a lower bound of the area of ε-nucleus of Γ , we show that
N(Γ, ε) ⊃ Br(0), r := inf
ϕ∈[ϕ2(ε),ϕ2(ε)+2π]
f (ϕ). (25)
Assume the contrary, that there exists a point P ∈ Br(0) such that P /∈ N(Γ, ε). Since
f (ϕ) → 0 as ϕ → ∞, there exist two uniquely determined points P1 ∈ Γ and P2 ∈ Γ on
the ray OP with corresponding angles ψ and ψ + 2π , such that |OP1| < |OP | < |OP2|.
Since f is radially decreasing and |OP | < r , we have that ψ > ϕ2(ε) + 2π . Therefore,
by definition of ϕ2(ε) we have |P1P2| = f (ψ)− f (ψ + 2π) < 2ε. But this is impossible,
since |P1P2| = |P1P | + |PP2| 2ε, due to P /∈ N(Γ, ε). This proves (25).
Using (25) and (12) we obtain∣∣N(Γ, ε)∣∣ πr2  π(m(ϕ2(ε)+ 2π)−α)2, (26)
hence,∣∣N(Γ, ε)∣∣ c1 · ε2α/(1+α), (27)
where c1 is less than and arbitrarily close to πm2(2/a)2α/(1+α), provided ε is small enough.
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∣∣T (Γ, ε)∣∣ 2ε
ϕ2(ε)∫
ϕ1
f (ϕ)dϕ  c2 · ε2α/(1+α), (28)
where c2 is smaller than and arbitrarily close to
2m
1−α (2/a)
− 1−α
a+α , provided ε is small enough.
Now using (11) we have that
Md∗(Γ, rad)Md∗(Γ,n)+Md∗(Γ, t) c1 + c2, (29)
that is,
Md∗(Γ, rad)M := πm2
(
2
a
)2α/(1+α) 2m
1 − α
(
2
a
)− 1−α1+α
.  (30)
Analogous result as in Theorem 1 can be proved for power spirals of the limit cycle
type.
Theorem 2 (Power spirals of limit cycle type). Let f : [ϕ1,∞) → (0,∞) be as in Theo-
rem 1 with α being an arbitrary positive real number. Let Γ be a spiral of the limit cycle
type defined by r = 1 − f (ϕ) in polar coordinates, where we assume that f (ϕ1) < 1. Then
d := dimB(Γ, rad) = 2 + α1 + α , (31)
M Md∗(Γ, rad)M∗d(A, rad)M, (32)
where M and M do not depend on initial angle ϕ1:
M := 2πm
(
2
a
)α/(1+α)
+ 2
(
a
2
)1/(1+α)
, (33)
M := 2πm
(
2
a
)α/(1+α)
+ 2
(
a
2
)1/(1+α)
. (34)
The same result holds for spirals r = 1 + f (ϕ).
Remark 1. Theorems 1 and 2 can be applied not only to spirals with f (ϕ) = mϕ−α , but
also to elliptic spirals with
f (ϕ) := aa
(a2 cos2 ϕ + a2 sin2 ϕ)1/2 ϕ
−α, (35)
where α, a and a are positive constants. The corresponding spiral r = f (ϕ) can be viewed
as ‘elliptic spiral’, which can nicely be seen by plotting its graph for a < a. The ‘circular
spiral’ r = mϕ−α corresponds to the case when a = a = m. Instead of elliptic spiral defined
by (35) we can have even more general spirals r = f (ϕ), where f (ϕ) is of the form
f (ϕ) := g(ϕ)ϕ−α, (36)
with g(ϕ) a 2π -periodic function such that a  g(ϕ) a.
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f (ϕ) := 1 − ϕ−α , where ϕ  ϕ1 > 0. It is easy to see that the set Γ1 defined as countable
union of concentric circles of radii rk := k−α , k ∈ N, with fixed α ∈ (0,1), centered at
the origin, can be obtained as the graph of discontinuous (piecewise constant) function
f (ϕ) satisfying all properties of Theorem 1. So, this set is also a spiral by our definition, to
which conclusions of Theorem 1 apply. Analogously, the set Γ2 defined as countable union
of concentric circles of radii rk := 1− k−α , k ∈N, k  2, with fixed α > 0, can be obtained
as the graph of discontinuous (piecewise constant) function f (ϕ) satisfying all properties
of Theorem 2. Moreover, spirals Γ1 and Γ2 are Minkowski measurable, see Remark 10.
As a consequence of Theorems 1 and 2 we obtain the following comparison result.
Corollary 1 (Comparison with spirals of power type). Assume that a function f : [ϕ1,∞) →
(0,∞) is absolutely continuous, and f (ϕ) → 0 as ϕ → ∞. Assume also that:
bϕ−α−1 
∣∣f ′(ϕ)∣∣ bϕ−α−1, ϕ  ϕ1, (37)
where α, b and b are positive constants.
(a) For the spiral Γ defined by r = f (ϕ) with α ∈ (0,1) we have that d :=
dimB(Γ, rad) = 21+α , and its radial d-dimensional Minkowski contents are nondegener-
ate.
(b) For the spiral Γ defined by r = 1 − f (ϕ) with α > 0 we have that d :=
dimB(Γ, rad) = 2+α1+α , and its radial d-dimensional Minkowski contents are nondegener-
ate. The same result holds for spirals r = 1 + f (ϕ).
(c) In particular, conclusions in (a) and (b) hold if f is of class C1 and there exists
lim
ϕ→∞
f ′(ϕ)
(ϕ−α)′
∈ (0,∞). (38)
Proof. (a) It is easy to see that condition (37) implies (12) and (13). Indeed, to obtain (12)
it suffices to integrate (37) from ϕ to ∞, while (13) follows from the Lagrange mean value
theorem. The claim follows from Theorem 1.
The proof of (b) is analogous. To prove (c), note that condition (38) implies (37) pro-
vided ϕ1 is large enough. The initial value ϕ1 does not affect the value of box dimensions
and the corresponding Minkowski contents, see excision property in Lemma 1 below. 
Remark 3. By Theorem 1 the spiral r = ϕ−α + ϕ−β , ϕ  ϕ1 > 0, where α ∈ (0,1) and
β > α, has radial box dimension equal to 21+α , that is, the same as the spiral r = ϕ−α .
Analogously, radial box dimension of the spiral r = 1 − ϕ−α − ϕ−β is 2+α1+α (the same
as for unperturbed spiral r = 1 − ϕ−α), where we require only that 0 < α < β . We shall
see below that these radial box dimensions are equal to the corresponding classical box
dimensions, see Theorem 5, and also Remark 9.
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Let us consider polar coordinate net in two-dimensional plane, consisting of the family
of rays emanating from the origin, and of the family of circles with centers at the origin.
Given a set A in the plane we can define circular sausage of radius ε around A as the set
of all points x such that there exists a connected arc of length < ε on the circle centered
at the origin joining x and a point in A (we choose the shorter arc among the two). Cir-
cular sausage will be denoted by Aε,cir. It can be visualised as the union of all circular
open intervals of length 2ε centered at points of A. We can define circular s-dimensional
Minkowski contents of A by
Ms∗(A, cir) := lim inf
ε→0
|Aε,cir|
ε2−s
, M∗s(A, cir) := lim inf
ε→0
|Aε,cir|
ε2−s
. (39)
To any bounded subset A of two-dimensional plane we can assign two box dimensions:
radial box dimensions (upper and lower) introduced in Section 1, and circular box dimen-
sions (lower and upper) that we denote by dimB(A, cir), dimB(A, cir).
We shall need the following result which is a special case of Tricot [13, p. 249].
Theorem 3 (Tricot). For any bounded set A in two-dimensional plane we have
dimBA = max
{
dimB(A, rad),dimB(A, cir)
}
. (40)
In particular, if Aε,cir ⊆ Aε,rad ∪ B(ε), where B(ε) is a subset of R2 such that |B(ε)| =
O(ε2−d), and d := dimB(A, rad), then
dimBA = dimB(A, rad). (41)
The second part of Theorem 3 follows from the fact that Γε,cir ⊆ Γε,rad ∪ B(ε) implies
thatM∗s(A, cir) M∗s(A, rad) for all s  d , henceM∗s(A, cir) = 0 for all s > d , so
that dimB(A, cir) d . We use this result to prove the following theorem.
Theorem 4. Let Γ be a spiral of focus type defined by r = f (ϕ), f : [ϕ1,∞) → (0,∞),
such that f (ϕ) is decreasing, and f (ϕ) → 0. Let there exist ε0 such that the functional
inequality
f
(
ϕ + ε
f (ϕ)
+ ε
f (ϕ)− ε
)
> f (ϕ)− ε, (42)
holds for all ε ∈ (0, ε0) and ϕ ∈ (ϕ1, ϕ2(ε)), where ϕ2(ε) is defined by (7). Assume also
that there exist positive constants C, C and q < 1 such that Cεq  f (ϕ2(ε))  Cε1−
d
2 ,
where d := dimB(Γ, rad). Then
dimBΓ = dimB(Γ, rad). (43)
Remark 4. The geometrical meaning of condition (42) is that the function f does not
decay too fast. More precisely, if we move from a point on Γ corresponding to fixed angle
ϕ0 along the circle of radius f (ϕ0) for the length ε in positive direction (the corresponding
increment of angle is ε/f (ϕ0)), and then go along the ray corresponding to angle ϕ0 +
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f (ϕ0)−ε for the length ε (the corresponding increment of angle is ε/(f (ϕ0)−ε)), then the
point on Γ corresponding to angle ϕ0 + εf (ϕ0) + εf (ϕ0)−ε is outside the disk r  f (ϕ0)− ε.
Proof. Using Theorem 3 it suffices to prove that circular ε-sausage Γε,cir is contained
“essentially” in radial ε-sausage Γε,rad for all ε small enough, see (46). More precisely, we
prove that
Γ
(
ϕ1, ϕ2(ε)
)
ε,cir ⊆ Γ
(
ϕ1, ϕ2(ε)
)
ε,rad ∪Bε(T1)∪Bε(T2), (44)
Γ
(
ϕ2(ε)+ 2π,∞
)
ε,cir ⊆ Bf (ϕ2(ε)+2π)(0) ⊆ Γ (ϕ2(ε)+ 2π,∞)ε,rad. (45)
Here T1 and T2 are points on Γ corresponding to ϕ1 and ϕ2(ε) respectively, and Bε(Ti)
is the open disk of radius ε around Ti . Note that the circular sausage Γε,cir contains also
points corresponding to angles ϕ ∈ (ϕ1 − εf (ϕ1) , ϕ1), where f (ϕ) is not defined. Since
Γε,cir = Γ (ϕ1, ϕ2(ε))ε,cir ∪ Γ (ϕ2(ε) + 2π,∞)ε,cir ∪ Γ (ϕ2(ε), ϕ2(ε)+ 2π)ε,cir, from the
above inclusions it immediately follows that{
Γε,cir ⊆ Γε,rad ∪B(ε),
B(ε) := Bε(T1)∪Bε(T2)∪ Γ (ϕ2(ε), ϕ2(ε)+ 2π)ε,cir. (46)
The first inclusion in (45) is clear since f is nonincreasing, while the second inclusion
follows immediately from definition of ϕ2(ε), see (7).
To prove (44), let T0 be any point on the spiral Γ corresponding to angle ϕ0 ∈
(ϕ1, ϕ2(ε)). Consider the set
Q(ϕ0) :=
{
(ϕ, r) ∈R2: ϕ ∈
[
ϕ0, ϕ0 + ε
f (ϕ0)
]
, r ∈ (f (ϕ0)− ε,f (ϕ0))
}
.
Due to inequality (42) the set Γ (ϕ0, ϕ0 + εf (ϕ0) ) contained in Q(ϕ0), since f is monotone:
f
(
ϕ0 + ε
f (ϕ0)
)
 f
(
ϕ0 + ε
f (ϕ0)
+ ε
f (ϕ0)− ε
)
> f (ϕ0)− ε.
Therefore the radial sausage Γε,rad contains Q(ϕ0). On the other hand, the condition (42)
secures also that the circular interval of length 2ε centered at the point on Γ corre-
sponding to angle ϕ0 + εf (ϕ0) + εf (ϕ0)−ε is outside the disc r  f (ϕ0) − ε. Note that
f (ϕ0)  f (ϕ2(ε))  Cεq for all ϕ0 ∈ (ϕ1, ϕ2(ε)) and q ∈ (0,1) imply that f (ϕ0) > ε
for ε small enough. Hence,
Γ
(
ϕ1, ϕ2(ε)
)
ε,cir ⊆
( ⋃
ϕ0∈(ϕ1,ϕ2(ε))
Q(ϕ0)
)
∪Bε(T1)∪Bε(T2)
⊆ Γ (ϕ1, ϕ2(ε))ε,rad ∪Bε(T1)∪Bε(T2).
This proves (44).
From (46) we see that all conditions of Theorem 3 are fulfilled since∣∣Γ (ϕ2(ε), ϕ2(ε)+ 2π)ε,cir∣∣ ∣∣Bf (ϕ2(ε))(0)∣∣= π · f (ϕ2(ε))2 = O(ε2−d)
and |Bε(Ti)| = π · ε2 = O(ε2−d) for i = 1,2. 
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condition for ϕ1 to be sufficiently large in Theorem 5.
Lemma 1 (Excision property for simple smooth curves). Let Γ be a simple smooth curve
in R2, that is, Γ is the graph of continuously differentiable injection h : [ϕ1,∞) → R2.
Assume that dimBΓ1 > 1. Let ϕ1 > ϕ1 be given and Γ1 := h(ϕ1,∞). Then
d := dimBΓ1 = dimBΓ, d := dimBΓ = dimBΓ, (47)
Md∗(Γ1) =Md∗(Γ ), M∗d(Γ1) =M∗d(Γ ). (48)
Analogous claim holds for radial box dimensions and radial Minkowski contents: if
dimb(Γ, rad) > 1, then
δ := dimB(Γ1, rad) = dimB(Γ, rad), δ := dimB(Γ1, rad) = dimB(Γ, rad),
Mδ∗(Γ1, rad) =Mδ∗(Γ, rad), M∗δ(Γ1, rad) =M∗δ(Γ, rad).
In particular, the conclusions hold for smooth spirals r = f (ϕ) of focus type, and for
spirals r = 1 − f (ϕ) of limit cycle type, ϕ  ϕ1, where f (ϕ) is a decreasing function
tending to 0 as ϕ → ∞.
Proof. The claims for the upper box dimension and for the upper Minkowski content
follow from more general result (excision lemma for Minkowski content) proved in [16,
Lemma 5.6], note that d  d > 1.
The claims for the lower box dimension and for the lower Minkowski content follow
from the fact that the curve Γ2 := Γ \Γ1 = h(Γ (ϕ1, ϕ1)) is rectifiable due to smoothness
of h (note that in the last equality we need injectivity of h). Hence we have dimBΓ2 = 1,
see Tricot [13, p. 106], and from this limε→0 |(Γ2)ε |ε2−s = 0 for all s > 1. Now since Γε =
(Γ1)ε ∪ (Γ2)ε for all s > 1 we have
Ms∗(Γ ) := lim inf
ε→0
|(Γ1)ε| + |(Γ2)ε| − |(Γ1)ε ∩ (Γ2)ε|
ε2−s
= lim inf
ε→0
|(Γ1)ε|
ε2−s
+ lim
ε→0
|(Γ2)ε|
ε2−s
− lim
ε→0
|(Γ1)ε ∩ (Γ2)ε|
ε2−s
=Ms∗(Γ1), (49)
where we have used
|(Γ1)ε ∩ (Γ2)ε|
ε2−s
 |(Γ2)ε|
ε2−s
→ 0 as ε → 0,
together with the fact that for any two functions qi : (0, ε0) →R, i = 1,2, we have
lim inf
ε→0
(
q1(ε)+ q2(ε)
)= lim inf
ε→0 q1(ε)+ limε→0q2(ε),
provided the limit limε→0 q2(ε) exists. Therefore the mapping s →Ms∗(Γ1) is equal to ∞
for s < d , and to 0 for s > d , so that dimBΓ1 = d .
In the case of radial box dimensions and radial Minkowski contents the proof is analo-
gous. 
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is decreasing, of class C2, and there exist positive constants M1, M2 and M3 such that for
all ϕ  ϕ1,
M1ϕ
−α−1 
∣∣f ′(ϕ)∣∣M2ϕ−α−1, ∣∣f ′′(ϕ)∣∣M3ϕ−α. (50)
(Note that then condition (13) is automatically satisfied.) Then
dimBΓ = dimB(Γ, rad) = d, (51)
and
Md∗(Γ ) =Md∗(Γ, rad) ∈ (0,∞), M∗d(Γ ) =M∗d(Γ, rad) ∈ (0,∞), (52)
where d := 21+α in the case of Theorem 1, and d := 2+α1+α in the case of Theorem 2. In
particular, ifMd∗(Γ, rad) =M∗d(Γ, rad) then Γ is Minkowski measurable, and moreover,
Md(Γ ) =Md(Γ, rad) ∈ (0,∞).
Proof. (a) We consider the case of Theorem 1 only, that is, the spiral r = f (ϕ) of focus
type. Due to excision result, see Lemma 1, we can assume without loss of generality that ϕ1
is large enough, which we shall need below. We first check that condition (42) of Theorem 4
is fulfilled. By the Lagrange mean value theorem for all ϕ ∈ (ϕ1, ϕ2(ε)) where ϕ2(ε) is
defined in (7), we have that
D := f (ϕ)− f
(
ϕ + ε
f (ϕ)
+ ε
f (ϕ)− ε
)

∣∣f ′(ϕ)∣∣( ε
f (ϕ)
+ ε
f (ϕ)− ε
)
M2ϕ−α−1
(
ε
mϕ−α
+ ε
mϕ−α − ε
)
= ε ·M2ϕ−1
(
1
m
+ 1
m− ε · ϕα
)
.
Since ϕ2(ε)  c · ε−1/(1+α), see the proof of Theorem 1, we have ε · ϕα  ε · ϕ2(ε)α 
cαε1/(1+α)  12m for all ε ∈ (0, ε0), provided ε0 is sufficiently small. Therefore,
D  ε · 3M2
mϕ1
< ε, (53)
where we assume that ϕ1 is sufficiently large: ϕ1 > 3M2/m.
The second condition in Theorem 4 is also fulfilled. Indeed, since c · ε−1/(1+α) 
ϕ2(ε) c · ε−1/(1+α), we conclude that
mc−αεα/(1+α)  f
(
ϕ2(ε)
)
mc−αεα/(1+α),
that is, Cε1− d2  f (ϕ2(ε))  Cε1−
d
2
. Therefore, by Theorem 4 we have that dimBΓ =
dimB(Γ, rad). Now from this, using (2), Theorems 1 and 4, we obtain
2
1 + α = dimB(Γ, rad) dimBΓ  dimBΓ = dimB(Γ, rad) =
2
1 + α .
This proves (51).
Similarly for the spiral r = 1 − f (ϕ) of the limit cycle type.
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and ε0 sufficiently small such that for all ε ∈ (0, ε0),∣∣Γ (ϕ1,∞)ε,rad∣∣− O(ε2) ∣∣Γ (ϕ1,∞)ε∣∣ ∣∣Γ (ϕ1,∞)c·ε,rad∣∣+ O(ε2− d2 ). (54)
Indeed, using excision property of spirals again, see Lemma 1, from the right-hand side
inequality in (54) it immediately follows that for all s  0,
Ms∗(Γ ) c2−d ·Ms∗(Γ, rad).
Letting c → 1 we obtainMs∗(Γ )Ms∗(Γ, rad), and since the converse inequality is im-
mediate consequence of the left-hand side inequality in (54), we have equality. In the same
wayM∗s(Γ ) =M∗s(Γ, rad).
The first inequality in (54) is trivial since Γ (ϕ1,∞)ε,rad ⊆ Γ (ϕ1,∞)ε ∪ A(ε), where
A(ε) is the area of the part of Γ (ϕ1,∞)ε corresponding to ϕ < ϕ1. This area is clearly
of order O(ε2) since it is contained in the disk Bε(T1), where T1 is the point on Γ corre-
sponding to ϕ1.
To prove the second inequality we first note that the angle between outer normal vector n
drawn at a point of Γ , and the corresponding radial vector r(ϕ) = f (ϕ)(cosϕi+sinϕ j ) of
the same point, tends to zero, or equivalently, ψ(ϕ) :=  (r(ϕ)′, r(ϕ)) → π/2 as ϕ → ∞.
Indeed,
∣∣cosψ(ϕ)∣∣= |r(ϕ) · r(ϕ)′||r(ϕ)||r(ϕ)′| = |f
′(ϕ)|√
f (ϕ)2 + f ′(ϕ)2

∣∣∣∣f ′(ϕ)f (ϕ)
∣∣∣∣ M2ϕ−α−1mϕ−α = M2m ϕ−1 → 0
as ϕ → ∞. We also note that the minimal radius of curvature of the curve Γ (ϕ1, ϕ2(ε)) is
larger than Rε := C · εα/(1+α) for a positive constant C. Indeed, for ϕ ∈ (ϕ1, ϕ2(ε)], using
ϕ2(ε) := c · ε−1/(1+α)  ϕ2(ε) (see the proof of Theorem 1), we have according to the well
known formula for the radius of curvature R(ϕ) of Γ at the point corresponding to ϕ that
R(ϕ) = (f (ϕ)
2 + f ′(ϕ)2)3/2
|f (ϕ)2 + f ′(ϕ)2 − f (ϕ)f ′′(ϕ)|

(m2ϕ−2α +M21ϕ2α−2)3/2
m2ϕ−2α +M21ϕ−2α−2 +mϕ−αM3ϕ−α
 ϕ−α m
3
m2 +M22ϕ−21 +mM3
 Cϕ2(ε)−α = C · εα/(1+α),
where the constant C may change its value. In other words, the radius of curvature is
relatively large with respect to ε, since ε/Rε can be made arbitrarily small, provided ε is
small enough.
Now we can view the radial ε-sausage of Γ (ϕ1, ϕ2(ε)) as the union of all intervals of
length 2ε having radial direction, with centers on Γ (ϕ1, ϕ2(ε)). Analogously, the stan-
dard ε-sausage of the same set can be obtained as union of 2ε-intervals perpendicular
to Γ (ϕ1, ϕ2(ε)) (except for the set B(ε) described below). As we saw above, for ϕ1
large enough we obtain pairs of 2ε-intervals with common centers, corresponding to two
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small enough we have that the lengths 2ε of these pairs of intervals are small with re-
spect to the radius of curvature uniformly for all points on Γ (ϕ1, ϕ2(ε)). We conclude that
for any c > 1 there exists ϕ1 sufficiently large and ε0 sufficiently small such that for all
ε ∈ (0, ε0),
Γ
(
ϕ1, ϕ2(ε)
)
c·ε,rad ⊇ Γ
(
ϕ1, ϕ2(ε)
)
ε
\B(ε), (55)
where B(ε) is the part of Γ (ϕ1, ϕ2(ε))ε corresponding to angles ϕ outside the interval
(ϕ1, ϕ2(ε)). Since this part is equal to union of two semidiscs of radius ε, we have |B(ε)| =
O(ε2). From (55) we conclude that∣∣Γ (ϕ1, ϕ2(ε))ε∣∣ ∣∣Γ (ϕ1, ϕ2(ε))c·ε,rad∣∣+ O(ε2). (56)
In what follows it will be convenient to denote the ring Br(0)\Bρ(0), 0 < ρ < r , by
Bρ,r (0). Since both Γ (ϕ2(ε),∞)ε and Γ (ϕ2(ε),∞)ε,rad contain the disk Bf (ϕ2(ε))+2π (0)
(note that f is decreasing and ϕ2(ε) ϕ2(ε)), then for all c > 1 we have
Γ
(
ϕ2(ε),∞
)
ε
⊆ Γ (ϕ2(ε),∞)ε,rad ∪Bf (ϕ2(ε)+2π),f (ϕ2(ε))+2ε(0)
⊆ Γ (ϕ2(ε),∞)c·ε,rad ∪Bf (ϕ2(ε)+2π),f (ϕ2(ε))+2ε(0). (57)
From ϕ2(ε) ϕ2(ε) we have f (ϕ2(ε))− f (ϕ2(ε)+ 2π) 2ε, hence,∣∣Bf (ϕ2(ε)+2π),f (ϕ2(ε))+2ε(0)∣∣= π[f (ϕ2(ε)+ 2ε)2 − f (ϕ2(ε)+ 2π)2]
= π(f (ϕ2(ε)+ 2π)+ f (ϕ2(ε))+ 2ε) · (2ε + f (ϕ2(ε))− f (ϕ2(ε)+ 2π))
 π
(
O(ε1−
d
2 )+ 2ε) · 4ε = O(ε2− d2 ).
Therefore,∣∣Γ (ϕ2(ε),∞)ε∣∣ ∣∣Γ (ϕ2(ε),∞)c·ε,rad∣∣+ O(ε2− d2 ). (58)
This together with (56) immediately implies the second inequality in (54). 
Remark 5. Since f is decreasing in Theorem 5, the set Γ (ϕ,ϕ + 2π) is almost indistin-
guishable from the circle of radius f (ϕ) for large ϕ. Indeed,
f (ϕ)− f (ϕ + 2π)
f (ϕ)
 2πM2ϕ
−α−1
mϕ−α
= C · ϕ−1 → 0 as ϕ → ∞.
As a consequence of Theorem 5 we obtain a result dealing with Minkowski contents of
standard spirals, which refines [16, Theorem 5.1].
Corollary 2. For the spiral Γ of the focus type defined by r = mϕ−α , ϕ  ϕ1 > 0, where
α ∈ (0,1), m> 0 and ϕ1 are fixed, we have
d := dimBΓ = dimB(Γ, rad) = 21 + α , (59)
see Tricot [13, p. 121]. It is Minkowski measurable, and moreover,
d d d −2α/(1+α) 1 + αM (Γ ) =M (Γ, rad) = m π(πα)
1 − α , (60)
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d
1 − α (πα)
(1−α)/(1+α) (tail content of Γ ), (62)
Md(Γ ) =Md(Γ,n)+Md(Γ, t). (63)
Proof. We use Theorem 5. Defining f (ϕ) := mϕ−α and applying the Lagrange mean
value theorem we have 2πmα(ϕ+2π)−α−1  f (ϕ)−f (ϕ+2π) 2πmαϕ−α−1. Hence,
conditions of Theorem 1 are fulfilled with m = m = m, a := 2πmα, and a smaller than and
arbitrarily close to 2πmα, provided ϕ is large enough, say ϕ  ϕ1. Using excision property
of spirals, see Lemma 1, and Theorem 1, we have that
Md∗(Γ, rad) =Md∗
(
Γ (ϕ1,∞), rad
)
M(a)
and
M∗d(Γ, rad) =M∗d(Γ (ϕ1,∞), rad)M(a),
where M(a) and M(a) are the constants M and M in Theorem 1 corresponding to the
spiral r = f (ϕ) with ϕ  ϕ1. We obtain the claim by letting a → 2πmα in definitions of
M(a) and M(a), see Theorem 1, and using Theorem 5. 
Analogous result holds also for spirals of the limit cycle type, which refines [16, Theo-
rem 5.2]. We omit the proof.
Corollary 3. For the spiral Γ of the limit cycle type defined by r = 1 − mϕ−α , ϕ  ϕ1,
where α > 0, m> 0 and mϕ−α1 < 1, we have
d := dimBΓ = dimB(Γ, rad) = 2 + α1 + α , (64)
see [16, Theorem 5.2]. It is Minkowski measurable, and moreover,
Md(Γ ) =Md(Γ, rad) = 2πmd−1(1 + α)(πα)−α/(1+α), (65)
Md(Γ,n) = 2πmd−1(πα)−α/(1+α) (nucleus content of Γ ), (66)
Md(Γ, t) = 2md−1(πα)1/(1+α) (tail content of Γ ), (67)
Md(Γ ) =Md(Γ,n)+Md(Γ, t). (68)
Note that Minkowski contents in Corollaries 2 and 3 do not depend on ϕ1, which is in
accordance with excision property of spirals, see Lemma 1. Furthermore, dimBΓ can be
arbitrarily close to 2 provided α is sufficiently small.
Remark 6. Box dimension d = 2+α1+α of the spiral r = 1 −mϕ−α , ϕ  ϕ1, is related to the
box dimension of the sequence A := {k−α: k ∈ N} (which is equal to d0 := 11+α ) in the
following way: d = 1 + d0. We see the value d − 1 = d0 appearing as the exponent of m
in (65). Heuristic explanation for this exponent (as noticed in [16, Remark 5.3]) is that
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homothetic to the set A. Note that m does not have the role of the homogeneity parameter
with respect to the origin for the spiral r = 1 −mϕ−α .
We can also state a general result about Minkowski measurable spirals. The proof fol-
lows from Theorem 5 similarly as in the proof of Corollary 2.
Theorem 6 (Minkowski measurable spirals). Assume f : [ϕ1,∞) → (0,∞) is a is decreas-
ing, C2 function and ϕ1 > 0. Assume that for every ϕ0 > ϕ1 there exist positive numbers
m(ϕ0), m(ϕ0), D1(ϕ0) and D2(ϕ0) such that for all ϕ  ϕ0,
m(ϕ0)ϕ
−α  f (ϕ)m(ϕ0)ϕ−α, (69)
D1(ϕ0)ϕ
−α−1 
∣∣f ′(ϕ)∣∣D2(ϕ0)ϕ−α−1, (70)
and there exists a positive constant D3 such that |f ′′(ϕ)|D3ϕ−α . We also assume that
lim
ϕ→∞m(ϕ) = limϕ→∞m(ϕ) =: m, limϕ→∞D1(ϕ) = limϕ→∞D2(ϕ) =: D.
Let Γ be either the spiral r = f (ϕ) of focus type (here we assume that α ∈ (0,1) and
define d := 2/(1 + α)), or the spiral r = 1 − f (ϕ) of limit cycle type (here we assume that
α > 0 and define d := (2 +α)/(1 +α)). Then dimBΓ = dimB(Γ, rad) = d , the spirals are
Minkowski measurable both in the classical and radial sense, and moreover,
Md(Γ ) =Md(Γ, rad) =
{
πm2(πD)−2α/(1+α) + 2m1−α (πD)−
1−α
1+α ,
2π(πD)−α/(1+α) + 2(πD)1/(1+α)
(71)
respectively.
Remark 7. The graph of the spiral r = ϕ−α +ϕ−β,ϕ  ϕ1 > 0, where α ∈ (0,1), β > α, is
Minkowski measurable both in the classical and radial sense, and furthermore,Md(Γ ) =
Md(Γ, rad), where d := 2/(1 + α). This value is the same as the corresponding one for
the spiral r = ϕ−α . Analogously for the spiral r = 1 − ϕ−α − ϕ−β,0 < α < β . See also
Remark 5.
Remark 8. For spirals Γ1 and Γ2 from Remark 4, obtained as countable unions of concen-
tric circles, we have Minkowski measurability, and all results of Corollaries 2 and 3 hold
also in this case. This can be obtained by direct analysis of these sets.
Let us also consider some spirals of limit cycle type with degenerate Minkowski con-
tents. The result improves [16, Theorem 5.1].
Theorem 7 (Degenerate Minkowski contents). (a) Let Γ be a spiral of focus type defined
by r = ϕ−1, ϕ  ϕ1. Then dimBΓ = dimB(Γ, rad) = 1, andM1(Γ, rad) = ∞. With the
gauge function h(ε) := ε(log(1/ε))−1 we haveM(h,Γ, rad) = 1.
(b) Let Γ be a spiral of limit cycle type defined by r = 1 − e−ϕ,ϕ  ϕ1 > 0. Then
dimBΓ = dimB(Γ, rad) = 1 andM1(Γ, rad) = ∞, while with the gauge function h(ε) :=
ε(log(1/ε))−1 we haveM(h,Γ, rad) = 2.
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of Γ defined analogously as in (6) and (8). We have that r(ϕ+2π)−r(ϕ) = 2πr ′(ϕ2) = 2ε
for ϕ2(ε) := log(π/ε). Hence,
N(Γ, ε) = π − π(1 − e−ϕ2(ε))2 = πe−ϕ2(ε)(2 − e−ϕ2(ε)) 2πe−ϕ2(ε) = 2ε,
and
T (Γ, ε) 2ε
ϕ2(ε)+2π∫
ϕ1
(1 − e−ϕ)dϕ = 2 · ε log(1/ε)+ O(ε),
and from this
M∗d(h,Γ, rad) lim inf
ε→0
2ε + 2 · ε log(1/ε)+ O(ε)
ε2
· ε(log(1/ε))−1 = 2.
On the other hand, for ε small enough we have
N(Γ, ε) = πe−ϕ2(ε)(2 − e−ϕ2(ε)) πe−ϕ2(ε) = ε,
and
T (Γ, ε) 2ε
ϕ2(ε)−2π∫
ϕ1
(1 − e−ϕ)dϕ = 2 · ε log(1/ε)+ O(ε),
wherefrom we getMd∗(h,Γ, rad) 2, that is,M(h,Γ, rad) = 2. 
We can also state the following comparison result for spirals of exponential type (of
focus type and of limit cycle type), that is, for spirals comparable with r = me−ϕ and
r = 1 −me−ϕ .
Theorem 8 (Comparison with spirals of exponential type). Let f : [ϕ1,∞) → (0,∞) be a
function such that f (ϕ) → 0 as ϕ → ∞. Assume that there exists
lim
ϕ→∞
f ′(ϕ)
(e−ϕ)′
∈ (0,∞). (72)
(a) Let Γ be a spiral of focus type defined by r = f (ϕ),ϕ  ϕ1. Then dimB(Γ, rad) = 1.
(b) Let Γ be a spiral of limit cycle type defined by r = 1 − f (ϕ),ϕ  ϕ1. Then
dimB(Γ, rad) = 1 and for the gauge function h(ε) := ε(log(1/ε))−1 we haveM1(h,Γ,
rad) = 2.
Proof. Using L’Hospital’s rule we have that the limit in (72) is equal to limϕ→∞ f (ϕ)e−ϕ ,
hence, there exist positive constants m and m such that me−ϕ  f (ϕ)  me−ϕ for all ϕ
sufficiently large. Therefore Γ is rectifiable, from which (a) immediately follows.
To prove (b), we estimate the measure of ε-tail, since the area of ε-nucleus turns out
to be O(ε). First we have ae−ϕ −f ′(ϕ) ae−ϕ , where a and a are positive constants.
Using the mean value theorem we have that f (ϕ) − f (ϕ + 2π)  2ε is satisfied when
2πae−ϕ  2ε, that is, for ϕ  ϕ2(ε) := log(πa/ε). We have that
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ϕ2(ε)+2π∫
ϕ1
(
1 − f (ϕ))dϕ
 2ε
ϕ2(ε)+2π∫
ϕ1
(1 −me−ϕ)dϕ  2 · ε log(1/ε)+ O(ε).
The rest of the proof is similar to that of Theorem 7. 
Remark 9. It is possible to study spirals like r = ϕ−α(logϕ)β,ϕ  ϕ1, where β = 0 and
α ∈ (0,1). They have box dimension equal to d := 2/(1 + α) (the same as for the spiral
r = ϕ−α), but their d-dimensional Minkowski content is degenerate.
4. Hopf–Takens bifurcation
The Hopf bifurcation is a well known bifurcation of 1-parameter families of vector
fields. In this bifurcation a limit cycle surrounding a singular point is born from the singular
point. A generalization giving rise to more than one limit cycle and related to multiple
limit cycle bifurcations has been studied in Takens [12]. Therefore we call it Hopf–Takens
bifurcation, as is the custom today.
In this article we study standard model of Hopf–Takens bifurcation from the point of
view of fractal geometry. We study behaviour of trajectories near singular points and limit
cycles. This standard model of Hopf–Takens bifurcation has strong and weak focuses as
singular points. We recall that weak focus corresponds to the case when the matrix of the
linear part of the system has both eigenvalues pure imaginary and nonzero. Strong focus
corresponds to the case when both real and imaginary parts of eigenvalues are nonzero.
If we take one trajectory tending to a strong focus we will see that the trajectory is
a spiral of exponential type. Our main results for standard model in this section are the
following:
(1) a trajectory tending to a weak focus is of power type;
(2) a trajectory tending to a limit cycle of multiplicity one is of exponential type, and a
trajectory tending to a limit cycle of multiplicity m> 1 is a of power type.
We start with the notion of normal form
X
(l)
± :=
(
−y ∂
∂x
+ x ∂
∂y
)
± ((x2 + y2)l + al−1(x2 + y2)l−1 + · · · + a0)
(
x
∂
∂x
+ y ∂
∂y
)
, (73)
where (a0, . . . , al−1) ∈ Rl is fixed. It is called standard generic generalized Hopf bifur-
cation or standard generic Hopf–Takens bifurcation. In the sequel we consider Xl+ only,
since the case of Xl− is treated similarly.
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a vector field on R2 depending on r real parameters:
X = X1(a0, . . . , ar−1, x, y) ∂
∂x
+X2(a0, . . . , ar−1, x, y) ∂
∂y
, (74)
satisfying X(0) = 0. Furthermore, we assume that the linear part at the singularity 0 and
for a0 = · · · = ar−1 = 0 has eigenvalues on imaginary axes and all of them are nonzero.
Takens proved that if X is of codimension l then all possible nearby phase portraits
and related bifurcations of X can be separated into two models X(l)± . For more details
see Takens [12], and some new generalizations of Takens’ result which are explained in
Caubergh and Dumortier [2], with applications in Caubergh and Françoise [3].
We will study trajectories of X(l)+ in order to classify different types of spirals appearing
as trajectories of vector fields. It will be more convenient to write the vector field X(l)+
defined by (73) in the form of system of differential equations in polar coordinates:{
r˙ = r(r2l +∑l−1i=0 air2i ),
ϕ˙ = 1. (75)
First we classify singular points and limit cycles in dependence of the type of the spiral.
Then we study various possible situations that may occur for l = 1,2.
It is possible to have a strong focus at the origin of the system (75) for a0 = 0, and any
spiral tending to hyperbolic singularity (that is, eigenvalues of the linear part are not on
imaginary axes) must be of finite length.
All spirals are studied locally, near the point (or closed curve) of accumulation. If Γ is
a part of spiral near a strong focus type, then it is known that, see Tricot [13, p. 106],
dimBΓ = 1, M1(Γ ) = 2 · length(Γ ).
In what follows, when we speak about a trajectory “near the origin”, we mean its part
contained in an open disk centered at the origin, which does not contain its limit cycle, if it
exists. Similarly, when we speak about a trajectory “near the limit cycle”, we mean its part
in an open ring containing the limit cycle, so that it does not contain the origin.
We say that a spiral r = f (ϕ) of focus type is comparable with the spiral r = ϕ−α of
power type if Cϕ−α  f (ϕ)  Cϕ−α for some positive constants C and C, and for all
ϕ ∈ [ϕ1,∞). Analogously for spirals with negative orientation, that is, C|ϕ|−α  f (ϕ)
C|ϕ|−α for ϕ ∈ (−∞, ϕ1].
We say that a spiral r = f (ϕ) of focus type is comparable with the exponential spiral
r = e−βϕ if Ce−βϕ  f (ϕ)  Ce−βϕ for positive constants C, C and β , and for all ϕ ∈
[ϕ1,∞). Analogously for spirals with negative orientation, that is, for ϕ ∈ [−∞, ϕ1) and
β < 0.
We shall need similar definitions for spirals r = g(ϕ) of the limit cycle type. Assume
that a > 0 is a positive constant, and r = g(ϕ), where either g(ϕ) < a or g(ϕ) > a for all
ϕ  ϕ1. We say that r = g(ϕ) is comparable with r = a±ϕ−α , if |a−g(ϕ)| is comparable
with ϕ−α . Also, we say that a spiral r = g(ϕ) is comparable with r = a± e−ϕ if |a−g(ϕ)|
is comparable with e−ϕ .Theorem 9 (The case of focus). Let Γ be a part of a trajectory of (75) near the origin.
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with r = ea0ϕ , and hence dimBΓ = dimB(Γ, rad) = 1.
(b) Let k be fixed, 1 k  l, al = 1 and a0 = · · · = ak−1 = 0, ak = 0. Then Γ is compa-
rable with the spiral r = ϕ−1/2k , and
d := dimBΓ = dimB(Γ, rad) = 4k2k + 1 . (76)
The spiral Γ is Minkowski measurable both in the classical and radial sense, and moreover,
Md(Γ ) =Md(Γ, rad) with the common value equal to explicit constant (80).
Proof. It suffices to check that all conditions of Theorem 5 are satisfied. We first consider
case (b). Assume also that ak < 0, in which case the spiral has positive orientation. The
solution of system (75) is
ϕ =
r∫
r1
dr
r2k+1(ak + ak+1r2 + · · · + r2(l−k)) + ϕ1, r ∈ (0, r1],
that is, ϕ = Φ(r). Here Φ : (0, r1] → [ϕ1,∞) is a decreasing function (provided r1 is suf-
ficiently small) such that Φ(r) → ∞ as r → 0, since ak < 0. This spiral can be viewed as
r = f (ϕ) with f := Φ−1 and ϕ  ϕ1.
We use Theorem 1 with α := 1/2k. First we check that f is decreasing. Representing
subintegral function as the sum of partial fractions we obtain that
Φ(r) = c · r−2k +Ψ (r), Ψ (r) := c0 log r +
2k−1∑
i=1
cir
−i +Ψ1(r), (77)
where c > 0, and Ψ1 is of class C1 near r = 0. Therefore, we have Φ ′(r) = −2kc ·r−2k−1 +
O(r−2k) < 0 for r sufficiently close to 0, so that Φ is decreasing for r small enough, and
hence f is decreasing for ϕ sufficiently large. The condition for r1 to be sufficiently small,
that is, for ϕ1 to be sufficiently large, is not restrictive due to excision property of smooth
spirals, see Lemma 1.
It remains to check conditions (12) and (13) of Theorem 1. Since Ψ (r) = O(r−2k+1),
there exist two constants c < c and c > c such
cr−2k Φ(r) cr−2k, r ∈ (0, r1], (78)
which after the change of variable ϕ = Φ(r) immediately implies that condition (12) holds
with m := c1/2k and m := c1/2k .
Using Φ ′(r) = −2kcr−2k−1 + Ψ ′(r) and Ψ ′(r) = O(r−2k) near r = 0 we obtain that
|Φ ′(r)| 2kcr−2k−1 − |Ψ ′(r)| Ar−2k−1 for a positive constant A < 2kc. Hence, using
Φ ′(r) = f ′(ϕ)−1 and (12), where ϕ := Φ(r), we get∣∣f ′(ϕ)∣∣A−1r2k+1 A−1m2k+1ϕ−α−1. (79)
Similarly we obtain that |f ′(ϕ)|  A−1m2k+1ϕ−α−1, where the constant A > 2kc is de-
fined so that |Φ ′(r)| 2kcr−2k−1 + |Ψ ′(r)|Ar−2k−1 holds for all r ∈ (0, r1]. Using the
Lagrange mean value theorem we see that condition (13) holds with a := 2πA−1m2k+1
and a := 2πA−1m2k+1.
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close to m := c1/2k , while A and A can be made arbitrarily close to A := 2kc. Hence, using
Theorem 1 and excision property, see Lemma 1, we obtain the precise value of Minkowski
content:
Md(Γ, rad) = πm2
(
2
a
)2α/(1+α)
+ 2m
1 − α
(
2
a
)− 1−α1+α
, (80)
where a := 2πA−1m2k+1.
We check the condition |f ′′(ϕ)|M3ϕ−α in Theorem 5. First, from
Φ ′′(r) = −f ′′(Φ(r)) ·Φ ′(r) · f ′(Φ(r))−2
we have∣∣f ′′(ϕ)∣∣ ∣∣f ′(ϕ)2 ·Φ ′′(r(ϕ)) ·Φ ′(r(ϕ))−1∣∣ c · ϕ−2α−2 · ϕ−1−α · ϕ1+2α
 C · ϕ−α−2 M2 · ϕ−α,
where r = f (ϕ) and ϕ = Φ(r). From Theorem 5 we conclude thatMd(Γ ) =Md(Γ, rad).
The case of ak > 0 is treated similarly, with the corresponding spiral having negative
orientation.
In the case of (a) the corresponding solution of (75) is
ϕ =
r∫
r1
dr
r(a0 + a1r2 + · · · + r2l ) + ϕ1, r ∈ (0, r1|.
Denoting the right-hand side by Φ(r) we have that Φ(r) = −c log r + Ψ (r), and we can
proceed similarly as above. 
Remark 10. Using the same proof as in Theorem 9 we can obtain box dimension and
Minkowski content of spirals Γ of the form ϕ = cr−γ + Ψ (r), where γ > 1 is fixed and
r ∈ (0, r1], assuming that Ψ (r) = o(r−γ ), Ψ ′(r) = o(r−γ−1) and Ψ ′′(r) = o(r−γ−2) as
r → 0. We have that dimBΓ = 21+1/γ , and (80) holds with a := 2πA−1m1+γ , where A =
γ c and m = c1/γ . As an example we may take the spiral ϕ = cr−γ +r−δ, r ∈ (0, r1], where
γ > δ > 1.
Theorem 10 (The case of limit cycle). Let the system (75) have limit cycle r = a of mul-
tiplicity m,1m l. By Γ1 and Γ2 we denote the parts of two trajectories of (75) near
the limit cycle from outside and inside respectively. Then the trajectories Γ1 and Γ2 are
comparable
(a) with exponential spirals r = a ± e−βϕ of limit cycle type when m = 1, for some
constants β = 0 (depending only on coefficients ai , 0 i  l − 1),
(b) with power spirals r = a ± ϕ−1/(m−1) when m> 1.
In both cases we have
1
d := dimBΓi = dimB(Γi, rad) = 2 −
m
, i = 1,2. (81)
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nondegenerate with respect to gauge function h(ε) := ε(log(1/ε))−1, and moreover,
Md(h,Γi) =Md(h,Γi, rad) = 2/β , i = 1,2.
For m> 1 the spirals are Minkowski measurable both in the classical and radial sense.
Moreover, we have Md(Γi) =Md(Γi, rad), i = 1,2, with the common value equal to
explicit constant ci .
Proof. (a) Assume that m = 1. Analogously as in the proof of Theorem 9 we consider the
integral of rational function which is a solution of (75). In
ϕ =
r∫
r1
dr
r(r − a)P2l−1(r) + ϕ1 =: Φ(r) (82)
we suppose that P2l−1(a) < 0, so that the spiral has positive orientation. Expanding subin-
tegral function into partial fractions we obtain two spirals (corresponding to r > a and
r < a) of the form
ϕ = −c log |r − a| +Ψ (r).
Similarly as in the proof of Theorem 9 we show that they are comparable with r = a±e−βϕ
with β := 1/c.
(b) For m> 1 we use Theorem 2 similarly as in the proof of Theorem 9. 
5. Examples of Hopf–Takens bifurcation
In this section we illustrate Theorems 9 and 10. Let us consider system (75) in two
simple cases with respect to l. For l = 1 we obtain the standard Hopf bifurcation for the
system in polar coordinates:{
r˙ = r(r2 + a0),
ϕ˙ = 1. (83)
Viewing a0 as bifurcation parameter, we have the following three possibilities.
(1) For a0 < 0 we have strong focus r = 0 and the circle r = √−a0 is the limit cycle
for trajectories from inside and outside near the circle. The corresponding spirals near this
focus are comparable with r = ea0ϕ , while the spirals near the circle are comparable with
r = √−a0 ± e−a0ϕ . All these spiral trajectories are of exponential type and hence of box
dimension equal to 1. See Fig. 1 (left).
(2) For a0 = 0 the origin r = 0 is weak focus with dimBΓ = 4/3, where by Γ we denote
a part of the trajectory near the origin, r = (−2ϕ)−1/2, see Fig. 1(middle).
(3) For a0 > 0 we have the situation as in Fig. 1 (right). All trajectories near the strong
focus are comparable with the spiral r = ea0ϕ of exponential type, and hence have box
dimension equal to 1.
Let us now consider the case of l = 2 in (75):{
r˙ = r(r4 + a1r2 + a0),
ϕ˙ = 1. (84)
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Since we do not care about complete bifurcation diagram (as in Takens [12] for l = 1,2,3),
we take the fixed value a1 = −2, and consider a0 as bifurcation parameter.
Now we have the following five qualitatively different cases.
(1) When a0 < 0 we have all box dimensions equal to 1 (trajectories of exponential
type), see Fig. 2 (left).
(2) For a0 = 0 we have dimBΓ1 = 4/3 (power case; here Γ1 is a part of any trajec-
tory Γ near the origin), and the part near the limit cycle r = √2 has box dimension equal
to 1 (exponential case), see Fig. 2 (middle). This phenomenon is particularly interesting:
the same trajectory has different box dimensions near its α-limit set, and near its ω-limit
set. Therefore, due to this example it seems to be of interest to define two new box dimen-
sions associated with trajectories Γ : (upper and lower) α-box dimension of Γ and ω-box
dimension of Γ . In this case,
dimB(Γ,α) = 1, dimB(Γ,ω) = 4/3. (85)
Here is the precise formal definition. If A and B are the α-limit set and ω-limit set of a
trajectory Γ of some dynamical system respectively, then
dimB(Γ,α) := lim
ε→0 dimB(Γ ∩Aε), dimB(Γ,ω) := limε→0 dimB(Γ ∩Bε), (86)
where Aε and Bε are Euclidean ε-neighbourhoods (Minkowski sausages) of the corre-
sponding sets. Similarly for upper α and ω-box dimensions of trajectory Γ .
(3) For a0 ∈ (0,1) we have two limit cycles of multiplicity one, and all box dimensions
are equal to 1 (exponential case) see Fig. 2 (right).
(4) For a0 = 1 we have limit cycle r = 1 of multiplicity two, and all trajectories
near the limit cycle (either inside or outside) have box dimensions equal to 3/2 (power
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case), see Fig. 3 (left). However, trajectories inside the limit cycle, but near the origin,
have box dimension equal to 1 (exponential case). In other words, dimB(Γ,α) = 3/2 and
dimB(Γ,ω) = 1.
(5) For a0 > 1 box dimensions of all trajectories are equal to 1 (exponential case), see
Fig. 3 (right).
Remark 11. Note that here we deal only with systems with explicit solutions. It is possible
to control the “density” of a spiral by computing its box dimension even without solving a
given system explicitly. For this the Poincaré map P(x) and displacement function V (x) :=
x −P(x) give us information about such “density” of a spiral. From Takens [12] we know
that the displacement function of vector field (73) for l = 3 is:
V (x) = x8 + a2x6 + a1x4 + a0x2,
and Theorem 9 says that the box dimension is larger if the displacement function starts
with larger exponents of x. In general, when V (x) has the lowest exponent equal to k,
then the corresponding box dimension of trajectory is equal to 4k2k+1 . We expect that our
results could be generalized to cases where only information about displacement function
of dynamical system is available.
6. Applications to singular integrals
Spiral trajectories studied so far give rise to new interesting singular integrals. Assume
that A is a subset of RN such that its upper and lower Minkowski contents are nondegener-
ate at dimension d = dimBA, that is, both are different from 0 and ∞. Then we have that,
see Žubrinic´ [15, Theorem 3.1(b)] (or see [16, Theorem 3.4] for more general results),
Ir :=
∫
Ar
d(x,A)−γ dx < ∞ ⇔ γ <N − dimBA. (87)
Furthermore, we have the following asymptotic behaviour of the singular integral: Ir 
rN−d−γ as r → 0, that is, Ir/rN−d−γ is contained in a fixed compact interval in (0,∞)
for small r .
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(0,1), where ϕ  ϕ1 > 0, we have that (see Corollary 2):∫
B1(0)
d(x,Γ )−γ dx < ∞ ⇔ γ < 2 − 2
1 + α =
2α
1 + α ,
and Ir ∼ 2−d2−d−γMd(Γ ), that is, the quotient of both sides tends to 1 as r → 0. Analogous
claim holds also for radial distance x → drad(x,Γ ).
For power spirals Γ of limit cycle type defined by r = 1 − ϕ−α , where α > 0 is fixed
and ϕ  ϕ1, tending to limit cycle r = 1, we have that (see Corollary 3):∫
B1(0)
d(x,Γ )−γ dx < ∞ ⇔ γ < 2 − 2 + α
1 + α =
α
1 + α ,
and Ir ∼ 2−d2−d−γMd(Γ ) as r → 0. Analogous claim holds also for radial distance function
x → drad(x,Γ ), and also for general spirals described in Theorems 1 and 2.
We know that spirals Γ defined by r = ϕ−1 (focus type) or r = 1 − e−ϕ (limit cycle
type) have box dimensions equal to 1, and degenerate Minkowski contents, see Theorem 7.
However, we also have analogous result as before:∫
B1(0)
d(x,Γ )−γ dx < ∞ ⇔ γ < 2 − 1 = 1.
This equivalence follows from the fact that the corresponding gauge function h(ε) :=
ε(log(1/ε))−1, see Theorem 7, satisfies conditions of [15, Corollary 2.5]. See also [16,
Theorem 3.3(c)] for a more general result of this type involving generalized relative
Minkowski contents.
Remark 12. It is worth noting that equivalence (87) holds also for spirals A := Γ1 and Γ2
from Remark 4 (see also Remark 10), obtained as countable unions of concentric circles.
7. Local dimension and density of Minkowski content of power spirals
Given a spiral Γ it has sense to consider local lower and upper box dimensions of Γ at
a point T in Γ (see Tricot [13, p. 274], Pašic´ and Županovic´ [11, p. 2]):
dimB(Γ,T ) := lim
ε→0 dimB
(
Γ ∩Bε(T )
)
, dimB(Γ,T ) := lim
ε→0 dimB
(
Γ ∩Bε(T )
)
,
where Bε(T ) is open disk of radius ε with center at T . If both quantities coincide, the
common value is denoted by dimB(Γ,T ). We illustrate this notion in the case of spirals.
Proposition 1. (a) Let Γ be a spiral of focus type defined by r = ϕ−α , ϕ  ϕ1 > 0, where
α ∈ (0,1) is fixed. Then{
1 for T ∈ Γ,T = (0,0),
dimB(Γ,T ) = 2
1+α for T = (0,0). (88)
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α > 0 is fixed. Then
dimB(Γ,T ) =
{
1 for T ∈ Γ ,
2+α
1+α for T on the limit cycle r = 1. (89)
Proof. Claim (a) follows immediately from Corollary 2. Claim (b) follows by reconsider-
ing the proof of Theorem 3. 
Remark 13. In Tricot [13] one can see illuminating examples of Hölder continuous curves
in the plane such that local box dimension is > 1 in every point of the curve, and even
an example of a Hölder continuous curve with no two points possessing equal local box
dimension (dimensionally inhomogeneity of the curve), see [13, p. 257].
We finish this section with a few remarks about d-dimensional lower and upper
Minkowski densities of a spiral Γ at a given point T ∈ Γ (introduced in Pašic´ and Žu-
panovic´ [11], inspired by the notion of the density of Hausdorff measure, see Falconer [1]
or Mattila [8]):
Dd∗ (Γ,T ) := lim inf
ε→0
Md∗(Γ ∩Bε(T ))
εd
, D∗d(Γ,T ) := lim inf
ε→0
M∗d(Γ ∩Bε(T ))
εd
.
If both quantities coincide, the common value is denoted by Dd(Γ,T ). The following
proposition describes classes of spirals such that the only density point is the origin in the
case of spirals of focus type, and the circle in the case of spirals of limit cycle type.
Proposition 2. (a) Let Γ be a spiral of focus type defined by r = ϕ−α , ϕ  ϕ1 > 0, where
α ∈ (0,1). Then for d := dimBΓ = 21+α we have
Dd(Γ,T ) =
{
0 for T ∈ Γ,T = (0,0),
∞ for T = (0,0). (90)
(b) Let Γ be a spiral of limit cycle type defined by r = 1 − ϕ−α , ϕ  ϕ1 > 1, where
α > 0. Then for d := dimBΓ = 2+α1+α we have
Dd(Γ,T ) =
{
0 for T ∈ Γ ,
∞ for T on the limit cycle r = 1. (91)
Proof. (a) For any point T on Γ outside the origin we have that the curve is locally rec-
tifiable near T , so that dimB(Γ ∩ Bε(T )) = 1 for ε sufficiently small. Since for d > 1 we
haveMd(Γ ∩Bε(T )) = 0, then Dd(Γ,T ) = 0.
For T = (0,0) we have thatMd(Γ ∩Bε(T )) =Md(Γ ) > 0 is a constant independent
of ε. Indeed, Γ ∩Bε(T ) = Γ (ϕ(ε),∞) for uniquely determined angle ϕ(ε), and we know
that the Minkowski content of the spiral Γ (ϕ1,∞) does not depend on ϕ1, see Corollary 2.
Hence,
Md(Γ ∩Bε(T ))
εd
=M
d(Γ )
εd
→ ∞ as ε → 0.Case (b) can be treated similarly. 
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spirals of power type appearing in Theorems 9 and 10.
8. Logarithmic spirals
It has been noticed by Mendès-France, Dupain and Tricot [9, p. 195] (see also [13,
p. 121]) that for logarithmic spiral r = (logϕ)−1, ϕ  ϕ1 > 1, the box dimension of its
graph is equal to 2. Here we consider a class of spirals of logarithmic type, which includes
the above spiral, and also its positive exponents, as well as iterated logarithmic spirals like
r = (log logϕ)−1, and other. All these spirals have maximal possible box dimension. Note
that we do not assume f to be continuous.
Theorem 11 (Spirals of logarithmic type). Let f : [ϕ1,∞) → (0,∞) be a radially decreas-
ing function, see (4), and let f (ϕ) → 0 as ϕ → ∞. Assume that there exist β  0 and c > 0
such that
f (ϕ)− f (ϕ + 2π) c · f (ϕ)β+1ϕ−1, for all ϕ  ϕ1,
and for every α ∈ (0,1) there exist ϕα  ϕ1 and mα > 0 such that f (ϕ)mαϕ−α for all
ϕ  ϕα .
(a) Let Γ be a spiral of focus type defined by r = f (ϕ), ϕ  ϕ1. Then dimBΓ =
dimB(Γ, rad) = 2.
(b) Let Γ be a spiral of limit cycle type defined by r = 1 − f (ϕ), ϕ  ϕ1, where we
assume that f (ϕ1) < 1. Then dimBΓ = dimB(Γ, rad) = 2.
Proof. (a) Condition f (ϕ)  mϕ−α implies that ϕ  m1/αf (ϕ)−1/α . In order to find an
interval where f (ϕ)− f (ϕ + 2π) 2ε, note that the condition
c · f (ϕ)β+1ϕ−1  cmf (ϕ)1+β+1/α  2ε
is satisfied with ϕ  ϕ2(ε) where cm := c ·m−1/α and
ϕ2(ε) := f−1
(
2ε
cm
)α/(α+αβ+1)
.
Therefore
|Γε,rad|
∣∣Γ (ϕ2(ε),∞)ε,rad∣∣ π(f (ϕ2(ε)+ 2π))2  π4 f
(
ϕ2(ε)
)2
,
where we have used that f (ϕ + 2π)  f (ϕ)(1 − c · f (ϕ)βϕ−1)  12f (ϕ) for ϕ large
enough. Hence, for ε small enough we have
|Γε,rad| π4
(
2ε
cm
) 2α
α+αβ+1
.
Now let us fix α and β , and define d := 2 − 2α
α+αβ+1 . We obtain that
d π
(
2
) 2α
α+αβ+1
M∗(Γ ) 4 cm > 0. (92)
D. Žubrinic´, V. Županovic´ / Bull. Sci. math. 129 (2005) 457–485 485From this it follows that
dimB(Γ, rad) d =
2(αβ + 1)
α(β + 1)+ 1 .
Letting α → 0 we obtain that dimB(Γ, rad) = 2. Hence, using (2) we finally arrive at
dimBΓ = 2.
Case (b) is treated analogously. Note that in this case ε-nucleus of T resembles a ring
(its outer radius is equal to 1). 
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